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i Introduction

Thc rolc of control allocation (CA) in modcrn acrospacc vchiclcs is to computc a command

vector ¢ic E ]1"¢.n° that corrcsponding to commandcd or dcsircd body-framc torqucs (momcnts)

"re= [ L M g ]T to thc vchMc, compcnsating for and/or rcsponding to inaccuracics in off-linc
nominal control allocation calculations, actuator failurcs and/or dcgradations (rcduccd cffectiv-

ncss), or actuator limitations (ratc/position saturation). Thc command vector 6c may govcrn thc

bchavior of, c.g., acrosurfaccs, rcaction thrustcrs, cnginc gimbals and/or thrust vectoring. Typi-

cally, thc individual momcnts gcncratcd in rcsponsc to each of thc na commands docs not lic strictly
in thc roll, pitch, or yaw axcs, and so a common practicc is to group or gang actuators so that a

onc,-to-onc mapping from torquc commands "re to actuator commands 6e may bc achicvcd in an

offolinc computcd CA function.
Wc shall assumc thc cxistcncc of an off-linc computcd nominal lincar affinc CA function

5c = F(x)% + 5o(X) (1.1)

whcrc "reis thc commandcd torquc vcctor, x is a vchiclc statc vector, of0 is a trim (ncutral torquc)

vector and F(x) is a matrix of nominal control allocation gains. Onc may intcrprct thc columns of

F(x) as a sct sct of gains dcfining "gangcd" actuators for each control axis. Thc rcsulting nominal
autopilot/control allocation block diagram is shown in Figurc 1. Thc vector "rb in Figurc 1 rcfcrs

to thc body torqucs induccd on thc vchiclc by thc actuators. Ideally, thc control allocation matrix

F(x) would bc choscn to bc thc pscudo-invcrsc G(x) t of thc Jacobian matrix

a (x ) = [ o b., IlW,,.

whcrc n, is thc numbcr of actuators; that is, wc wish to dcsign thc control allocation matrix F(x)
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Figure h Nominal autopilot/control allocation block diagram.

such that I 1 0 0 ]
G(x)F(x)= 0 1 0 (1.2)

0 0 1

so that the induced body-frame vehicle torques _b match the commanded body torques "re. However,
duc to sensor inaccuracy, modeling errors, and data compression in the allocation function, the

ideal condition (1.2) cannot be achieved. As such, scmidcfinitc programming tochniqucs _-ISZ01],

[BEFB94] arc used to design control allocation matrices F(x) that aclficvc

IIGCx)FCx)- III < 1-

for some positive constant '7 to achieve the "bast possible" allocation given off-line data.
The linear affinc nominal control allocation law (1.1) by itself is inadequate for the control

control allocation problem for four reasons:

1. It fails to respond to torque allocation errors that can bc detected on-line.

2. It fails to take into account saturation issues.

3. It fails to respond to on-line detected failures in actuators, and

4. It fails to provide a framework to work with discrete-valued (on-off) actuators such as re_action

thrusters.

Dynamic control allocation [HC02] may bc used to compensate for torque allocation errors detected
on-line. DCA treats torque allocation error as a unknown additive uncertainty in the system

Jacobians Gtr,,e(x) = G(x) + Ac_(x)

where AG is an unknown gain that respects the condition

IIGtr_eCx)FCx)- Xil < 1

over all operating conditions. If this condition is not met, then the CA problem is greatly com-

plicated, requiring the use of on-line system identification [CPM95] [CBP98], [CG86], [I-IJN91].
Discrete-valued actuators may bc dealt with by either using pulse-width modulation to emulate
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continuous valued actuators or, where actuator structure will not permit the use of PWM, one may

use these actuators as "back-up" to the continuous valued actuators as in [I-ISZ01]. Wc address in

this paper items 2 and 3 above by autonomous rcconfigurablc control allocation (ArtCA).

An optimal solution of a constrained control allocation problem involves the solution of convex

programming problems [Buf97], [Dur93], [Enn98]. Some heuristic approxin_tc allocation solutions

are presented in [BD95] such as computation of the attainable moment subsot, generalized inverses,
and daisy chaining. Alternatively, adaptive control may bc used in tandem with linear system

theory techniques in an attempt to avoid and/or compensate for actuator saturation [CGD+98]. In

this paper we build on the work of [BD95], [Dur93], [BP98], [BD95], and [PB00] to present an on-
line autonomous rcconfigurablc control allocation technique tlmt is computationally tractable and

practical for use in closed loop with a robust autopilot (attitude control law) such as sliding mode

control [SMJ+98], [BLM99], [SHJ00]. Our technique makes use of a fast quadratic programming
iteration stcp so that the actuator command _c results in a vehicle body torque "rbthat tracks the
connnandcd torques % when they ]ic within the attainable monmnt set or clsc approxiumtcs the

commanded torques in a least-squares sense when they are not in the attainable moment sot (the

underlying quadratic programming problem is infeasible).

2 Autonomous Reconfigurable Control Allocation (ARCA)

Rcconfigurable control refers to the ability of a control allocation law to continue to maintain

tracking of the moment command "rein the face of actuator failures/degradation. In the short
term, actuator saturation is indistinguishable from actuator failure, since in both cases an additional
constraint is entered into the control allocation law. However, in the case of an actuator failure,

the constraint is permanent and thus requires coordinated treatment between the control allocation

law, the attitude control law, and the guidance law.

2.1 Problem statement

Wc formally describe the ARCA problem as follows. Wc shall denote the sequence of autopilot

torque commands as "re(k) and the sequence of CA generated actuator command vectors as _c(k).
In order to accomodatc actuator rate limits, wc shall compute the actuator command vectors

rccursivcly, i.e.,
6¢(k) = 5c(k - 1) ÷ de(k)

wlmre 5e(k) is an update to the previous actuator command vector _c(k - 1). Wc shall omit the

dependence on the time index k where it is clear by context. Wc shall make use of the following

definitions:

Definition 2.1 The actuator status vector 5sLaL(t)has entries in the range of [0, 1] where 5,taL,i = 0

reflects complete failure (actuator i has no impact on vehicle body torques) and 6sLal,i = 1 reflects

nonminal operation of actuator i. O

Remark 2.1 Wc shall assume that the the actuator status vector 6slaL is made available to the

CA module by, e.g., a vehicle health monitoring system or an on-hue system identification module.
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Definition 2.2 Thc cffcctivc actuator Jacobian G(x) is thc systcm Jacobian

cvaluatcd undcr currcnt opcrating conditions, including cffccts of actuator dcgradation and failurc.

O

Remark 2.2 Noticc that thc cffcctivc actuator Jacobian G(x) is unknown prior to flight timc. If

thc nominal systcm Jacobians G(x) ,._F(x) _ arc availablc, thcn G(x) = G(x)diag(Sstat).

Definition 2.3 Givcn a sampling intcrval T, thc currcnt actuator position 5 and vcctors of actuator

maximum position valucs 5+, minimum actuator position valucs 5-, and maximum actuator ratcs

_max, thc ncxt-stcp fcasiblc set Af(Sc) is dcfincd as

A/(Sc) a {Se : 5- <_ 5c + 5e <_ 5+ and 15e - 5[ <_ T_m=}

Remark 2.3 Thc sct A/(5(kT)) is thc sct of lcgal ncxt-stcp actuator commands 5c((k + 1)T) givcn

currcnt actuator position valucs 5(k).

Dcnoting 5c = 5c(k - 1), 5e(k), thc rcconfigurablc control allocation problcm can thus bc cx-

prcsscd as thc quadratic programming problcm [Luc84]

min (5¢ + 5e)TW1 (5c + 5e) + 5eTw'25e (2.1)

subjcct to G(x)Se = A'r

and 5e e A/(Sc)

whcrc W1 is a position pcnalty on thc command vcctor 5¢(k), W'2 is a ratc pcnalty on thc changc
in command vcctor 5e, and A'r is a torquc command updatc, usually (but not always) dcfincd as

A'r(k) = %(k) - "rc(k - 1). Exccptions to this rulc arc discusscd bclow.
In thc casc whcrc thc quadratic programming problcm (2.1) is fcasiblc, thcn thc minimization

scarchcs for an updatc 5e that matchcs thc commandcd torquc whilc rcducing thc nmgnitudc

(cost) of thc control command. Convcrscly, if thc idcal torquc command is not fcasiblc, i.c., no
solution 5e • A/(Sc) cxists to thc cquality constraint G(x)Se = A'r, thcn it is ncccssary to rclax

thc cquality constraint and instcad find a vcrtcx (cxtrcmc point [Luc84]) of thc fcasiblc sct Al(/xc)
A

that mininfizcs thc norm I['rerr(k)H whcrc "re= G(x)Se - A"r. In this casc, thc ncxt valuc of A'r is
sclcctcd to rcflcct both thc updatc to thc torquc command % and thc "unallocatcd" torquc "refrom

thc prcvious itcration.
Brutc forcc application of standard quadratic programming tcctmiqucs may not bc dcsirablc in

thc ARCA problcm for thc following rcasons.

1. Computation timc: solution of thc quadratic programming problcm can rccluircs scvcral it-

crations, cach rcquiring solution of a lincar systcm of cquations Ax = b of dimcnsion up to

l"ba X _1,a.

2. Rcpctition: thc quadratic programming problcm to bc solvcd in our application is solvcd
rcpcatcdly for problcms and conditions that do not vary grcatly from onc samplc timc to thc
ncxt. For cxamplc, during timcs of highly aggrcssivc mancuvcrs, it is likcly that thc samc

actuators arc saturatcd from onc timc stcp to thc ncxt. Thc similarity of thcsc problcnrs is

not cxploitcd by standard quadratic programming tcchniqucs.
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3. Singular dual solution: because the number of constraints is always 4 timcs the number of

unknowns, the dual problem [Luc69] used to solve for the corresponding Lagrangc multiplier
in a non-negative least squarcs problem is singular, which requires at the least an increase ill

the dimension of the problem solution via the use of "slack" variablcs.

2.2 Fast QP solution to AIR.CA

Given the concerns raised above, wc propose the use of a fast QP solution nmthod that differs from

standard primal problem QP solvcrs in two ways:

1. The solution (active constraint set [Luc84]) of the previous problem is nsed as a starting point

of the current problem.

2. The number of QP iterations is limited so that computational burden is reduced.

Wc consider hcrc the equivalent QP problem using the notation of _uc84].

minJ(x) _=xTQx + cTx (2.2)
T,

subject to Ax = b

x- <x<x +

The unknowns x in problem (2.2) correspond to the actuator command deviations 5e in the ARCA

algorithm description. We shall proceed on the following assumptions:

1. x- _< 0 _<x+; i.e., the previous actuator command vector satisfies actuator constraint limits.

This assumption may bc violated in the casc of, e.g., initial transients duc to engine failure,
where additional constraints on differential thrust can bc imposed upon failure. Ncvcrthclcss,

the above assumption will bc reasonable in all cases where additional constraints arc not

suddenly imposed on actuator command behavior.

2. The torque command issued by the autocommandcr is feasible. This condition is can bc met

through the nsc of on-line computation of a local attainable moment sct [?].

Based on tlm above assumptions, we may solve the QP problem (2.2) as illustrated in Figure

2. The initial point x(0) by assumption satisfies the inequality constraints x- _< x(0) _< x +, but

may not satisfy the equality constraint Ax = b duc to variations in the (effective) Jacobian and

torque command from one time step to the next. The point w(0) is computed that minimizes the

optimization

min w(0)TQw(0) + crw(O) (2.3)
w(0)

subject to Aw(0) =

with A = A, b = b. As illustrated in the figure, w(0) will satisfy the equality constraints, but

may not satisfy the inequality constraints. Wc therefore choose our next solution value x(1) = (1 -
a)x(0)+aw(0) where w(0) is chosen so that x(1) lies at the cdgc of the feasible set for the incquallty
constraints. Wc then append a row to A and b corresponding to the new "active constraint,"

xl = x_" in the case of the figure, and solve the minimization (2.3) again, now constrained to the
intcrsoction of the hypcrlflancs Ax = b and xl = xi. This process continues until the iterate w(k)

is in the feasible set of problem (2.2). (Such a solution exists by assumption.)
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Figurc 2: Quadratic programming problcm (2.2) solution mcthod for thc ARCA problcm. Thc
fcasiblc solution sct is dcnotcd by thc rectanglc on thc intcrior of thc hypcrplanc As = b.

Remark 2.4 Bccausc thc system Jacobians arc continuous (cxccpt in thc caso of suddcn failurc),

thc _tivc constraints from onc itcration to thc ncxt will likcly not changc oftcn. As a rcsult, thc

abovc algorithm may bc casily modificd to solvc thc minimization (2.3) at most oncc pcr control

stcp whilc cvaluating rcvisious to thc activc constraint sct by projccting thc gradicnt

OJ
= 2Qx +c

Ox

onto the null spa_c of A

= (I - Ate)(2Qx+c)
and comparing thc signs of thc rcsulting gradicnt scarch direction v with thc activc constraints

imposcd on x from thc prcvious itcration.

3 Conclusions

Our initial tcsts of our fast QP solution mcthod on artificially gcncratcd problcms arc vcry cn-

couraging. For thc final vcrsion of this papcr wc shall prcscnt closcd-loop rcsults using thc ARCA

algorithm in closcd loop with a high-fidclity modcl of thc X-33 cxpcrimcntal launch vchiclc.
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